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a b s t r a c t

For the purpose of developing a nuclear fuel with enhanced thermophysical properties and better irradi-
ation performance density functional theory calculations are used to explore UN, ZrN and (U,Zr)N. Neg-
ative deviation of ground state energy from the ideal solution model as well as energetically favourable
maximal distance between substitutional metal atoms in respective nitrides indicate mutual solubility of
UN and ZrN at all temperatures. Nitrogen vacancy formation energies in UN (1.81 eV) and ZrN (1.40 eV)
are considerably lower than metal vacancy formation energies. A substitutional Zr atom in UN has little
effect on nitrogen vacancy formation energies (�1.79 eV), while U in ZrN decreases the value by �0.1 eV
(�1.30 eV) due to elastic stress and charge density redistribution in the material. The relative distance
between a substitutional metal atom and a vacancy in UN has little influence over the radially declining
displacement pattern induced by the substitutional atom, while in ZrN the relaxation of atoms is gov-
erned by the position of the vacancy. The calculated vacancy formation energies indicate a lower surface
energy of ZrN in comparison with UN.

� 2010 Elsevier B.V. All rights reserved.
1. Introduction

Generation-IV reactors could utilise nuclear fuels which exhibit
numerous better attributes than the currently predominant oxide
fuels. Uranium nitride, for instance, has high thermal conductivity
[1–3] and melting temperature [4], good liquid metal compatibility
[5] and breeding performance [5,6]; but has often been discarded
due to its incompatibility with water [4,7] and relatively low disso-
ciation temperature [8–10]. The cost of 15N enrichment, necessary
to avoid production of 14C, is a further drawback [11]. However, in
solution with ZrN actinide nitrides have shown relatively good
swelling behaviour and extremely low fission gas release [10].
The addition of ZrN to UN also increases the dissociation tempera-
ture sufficiently to exclude it as a threat to safe reactor perfor-
mance [12,13].

Other authors have employed density functional theory (DFT)
calculations [14] to analyse defect formation in UN [15–18] and
the behaviour of ZrN lattice under nitrogen deficiency [19]. The lat-
ter has shown to have little influence over lattice parameters in
both nitrides [15,20].

On the other hand, vacancy formation studies have not been re-
ported in neither ZrN nor (U,Zr)N. Moreover, earlier experimental
work, where the influence of C and O impurities is difficult to
determine, has resulted in a discrepancy on whether UN and ZrN
are mutually soluble [21,22]. Both questions need to be answered
ll rights reserved.
to be able to interpret diffusion experiments in these materials,
simulate fuel performance and tailor production processes.

The current study aims to clarify trends for nitrogen vacancy
formation in UN, ZrN and (U,Zr)N of either U or Zr majority. In
addition, the paper employs DFT-calculations for the purpose of
analysing mutual solubility of UN and ZrN since a theoretical ap-
proach permits one to exclude the impact of C and O impurities.
2. Methods

Both UN and ZrN have the rock-salt crystal structure, with the
respective lattice constants a0,UN = 4.88 Å [9] and a0,ZrN = 4.58 Å
[20] at room temperature. According to the the assumption made
by Benedict [23], these materials are expected to be fully soluble,
since a0,UN exceeds a0,ZrN of the same crystal structure by less than
8.5%.

The rock-salt crystal structure in our DFT-calculations is de-
scribed by a supercell of either 64 or 128 metal (M) and nitrogen
(N) atoms. The former is constructed from 2 � 2 � 2 unit cells
and is used due to the benefit of being easily visualised while offer-
ing a suitable supercell size. The 128-atom supercell, selectively
used in calculations, is derived from a primitive face-centered cu-
bic cell and expanded with translation vectors (4 � 4 � 4).

A system representing solid solution between UN and ZrN with
either U or Zr majority has been constructed by substituting one or
two atoms of the dominant metal species with atoms of the other
metal species. Thus, the notations used are U31Zr1N32 for a mixed
nitride of 96.87% U majority and U1Zr31N32 for an equivalent Zr
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majority in the case of a 64-atom system. Single atom substitution
in a 128-atom system corresponds to 98.44% majority, indicated
with U63Zr1N64 and U1Zr63N63. Likewise, a system with the major-
ity of 93.75% of either metal species is constructed by substituting
two corresponding metal atoms in a 64-atom system, in which
case notations U30Zr2N32 and U2Zr30N32 are used. Resulting config-
urations that arise from introducing more than one defect are de-
scribed below.

Vacancies are created by removing any one M or N atom from
UN and ZrN. In the case of U31Zr1N31 and U1Zr31N31, N vacancies
can be created at 4 unique distances in relation to the position of
the substitutional M atom in a 64-atom system. These distances
correspond to 0.5a0 (I), 0.86a0 (II), 1.12a0 (III) and 1.5a0 (IV) in a cu-
bic supercell of 2a0 side length and are indicated with correspond-
ing roman numerals.

Similarly, the two substitutional metal atoms in U30Zr2N32 and
U2Zr30N32 in a 64-atom system can be organized in 5 unique
configurations, regarding their distance to each other. These con-
figurations are represented with letters (a)–(e) in this paper, corre-
sponding to the distances of 0.70a0(a), 1.00a0 (b), 1.22a0(c),
1.42a0(d) and 1.75a0(e) in the aforementioned system.

The 64-atom system has further been used to investigate the
validity of Vegard’s law in U1�xZrxN by performing volume relaxa-
tion calculations on intermediate compositions where the distance
between substitutional atoms has been kept maximal. The ap-
proach was chosen due to calculations indicating preferential max-
imal distance between U atoms in a mixed nitride (Section 3.1),
which does not necessarily represent the ground states but serves
as an approximation.

Vacancy formation energies Ef,va are calculated according to
[24]:

Ef ;va ¼ Ev � Eb þ
X

i¼1

nili ð1Þ

where Ev is the energy of a supercell containing a vacancy, Eb the
energy of a bulk supercell, ni the number of atoms of a particular
element removed, li represents the chemical potential of a particu-
lar element and has been defined in two ways. (i) The chemical
potentials of U, Zr and N in the given calculations are assumed to
be equal to Eb�n�1. The named approach can be shown to provide
a value for the chemical potential which is within physically sound
limits [25], but is not entirely comparable with the work of other
authors [15–18]. For the reason of comparison, (ii) the chemical po-
tential of an element is also defined as being equal to the energy of a
single isolated atom.

The matter of solubility of UN and ZrN is addressed by studying
the mixing energy DEmix of UN and ZrN per formula unit (FU),
which is defined as the deviation between the ground state energy
of a particular composition and the presumable ground state en-
ergy derived from the ideal solution model Eq. (2). The latter as-
sumes a linear relationship between the ground state energies of
UN and ZrN at 0 K [26] as shown below:

DEmix ¼
EU1�xZrx � ð1� xÞ � EUN þ x � EZrN

nFU
ð2Þ

Here EU1�xZrx represents the total energy for a particular mixed ni-
tride composition obtained from the DFT-calculations, EUN and EZrN

the energy for pure UN and ZrN, respectively, and nFU the number of
nitride formula units.

The presented first-principles calculations have been conducted
with the DFT plane-wave basis set computer code VASP 4.6 [27,28].
All calculations employ the scalar relativistic projector augmented
wave (PAW) pseudopotentials [29] to describe the core electrons.
Both generalised gradient approximation (GGA) [30] and local den-
sity approximation (LDA) [31] pseudopotentials are used in calcu-
lations, where the number of valence electrons for U, Zr and N is
14, 4 and 5 in the case of GGA; and 14, 12 and 5 in the case of
LDA, respectively. The plane wave cut-off energy is set to 500 eV
in all calculations. A Monkhorst–Pack integration [32] set-up with
a 3 � 3 � 3 k-point mesh in the Brillouin zone showed sufficient
convergence in supercell calculations. For determining the total
energy of systems, the convergence criterion is set so that the en-
ergy difference between two consecutive steps is less than 10�5 eV
for electronic relaxations and less than 10�4 eV for ionic
relaxations.

In general, volume relaxation is excluded from the current cal-
culations, since previous work has shown even high vacancy con-
centration to have a negligible influence on lattice parameters
[15,19,20,22]. Volume relaxation has been allowed only in specific
cases in order to control the validity of the results and is in this
case clearly stated.

To a large extent spin-polarisation is omitted in the current
study since ZrN is a non-magnetic material and the ground state
of UN is non-magnetic at any temperature relevant for fuel appli-
cations [33]. Therefore results from an anti-ferromagnetic set-up
are seen to be of little practical value in nuclear fuel development.
Magnetic calculations are performed to check the reliability of the
set-up against earlier work and to investigate the magnetic set-up
of mixed nitrides at 0 K.
3. Results

The lattice parameters of both stoichiometric nitrides obtained
from DFT calculations with GGA pseudopotentials (a0,UN = 4.86 Å
and a0,ZrN = 4.61 Å) are in good agreement with experimental val-
ues and with previously reported results from DFT calculations
[15,19]. This applies only partially for calculations with LDA pseud-
opotentials, since the theoretical a0,UN deviates by 2.5% from exper-
imental values (a0,UN = 4.77 Å and a0,ZrN = 4.55 Å). It has been
previously shown that LDA pseudopotentials underestimate lattice
parameters and overestimate bulk moduli [34]. The bulk moduli of
UN (KUN = 209 GPa) and ZrN (KZrN = 262 GPa) are overestimated by
17% [35] and 8% [36] with GGA pseudopotentials.

Lattice parameters for all mixed nitrides are initially deter-
mined from Vegard’s law [37], the validity of which for these mate-
rials is subsequently verified by allowing the volumes to relax.
Deviation between the assumed lattice parameter and that ob-
tained from full volume relaxation is in the order of 0.1% for sys-
tems focused on in this study. The maximal deviation of 0.23%
between lattice parameters occurs at U0.5Zr0.5N (see Fig. 1). The re-
sults are well in line with experimental observations of (U,Zr)N
closely following Vegard’s law [22]. A single Zr substitution intro-
duces a defect volume DV = �0.66 Å3 in UN, and a single U substi-
tution in ZrN a defect volume DV = 0.40 Å3. The preliminary
calculations have shown that the ground states of UN and ZrN
are metallic, since the density of states at the Fermi surface is
non-zero for both nitrides.
3.1. Solubility of UN and ZrN

The matter of full solubility between UN and ZrN is addressed
with Fig. 2. The three different concentrations in Fig. 2 are mod-
elled as described in Section 2 and indicate full solubility as the
DFT-obtained total energy of a mixed nitride of a particular compo-
sition is lower than the energy of the same composition from the
ideal solution model. Furthermore, mixing energies for U2Zr30N32

(at x = 0.063) decrease with increasing distance between the sub-
stitutional U atoms, which is consistent with long range order
and hence invalidates the assumption of a miscibility gap. Addi-
tionally highly ordered systems representing intermediate compo-
sitions were investigated, all resulting in a negative mixing energy.
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Fig. 2. Mixing energy of UN and ZrN in relation to the ideally linear correlation
between them, DEmix(eV FU�1). Values marked with (*) indicate results from 128-
atom systems. Values marked with letters a–e represent five unique distances
between two substitutional metal atoms in a mixed nitride and are sorted by
increasing distance.

Table 1
Vacancy formation energies Ef,va (eV) for nitrogen (N) and metal (M) atoms in UN and
ZrN for a 64-atom supercell, according to Eq. (1). Values in brackets given for a 128-
atom supercell. (i) li = Eb�n�1 (ii) li is equal to the energy of an isolated atom.

GGA non-magnetic Magnetic LDA non-magnetic

UN ZrN UN UN ZrN

(i) N 1.87 (1.81) 1.31 (1.40) 1.74 1.61 1.43
M 3.24 1.59 3.29 3.87 2.17

(ii) N 9.77 (9.71) 8.33 (8.42) 9.65 10.76 9.50
M 10.05 9.75 10.10 11.84 11.48
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The results from given configurations suggest the existence of one
or several ordered intermetallic structures. The calculations illus-
trate solubility at 0 K, yet the mixing ought to be even more pro-
nounced at higher temperatures due to the entropy contribution.
Interdistance between substitutional metal atoms in U30Zr2N32

(at x = 0.063) has no measurable effect on the energies. The previ-
ous statements also bear a significance if one were to perform
alternative calculations on (U,Zr)N, e.g. employ larger super-cells
or include a higher amount of substitutional metal atoms.

3.2. Vacancy formation energies

Table 1 summarises formation energies Ef,va for M and N vacan-
cies in pure UN and ZrN, using GGA and LDA pseudopotentials. It is
evident that nitrogen deficiency is more favourable than that of a
metal, regardless of the potentials used. The same trend has been
noted by other authors [15–18] when calculating Ef,va according
to the (ii) definition of the chemical potentials. The phenomenon
is in good agreement with experimental results, which claim that
mononitrides of U and Zr have rather deficiency than excess of
nitrogen [20,38,39]. Consequently, the metallic vacancy formation
is not studied in mixed nitrides. Table 1 also presents values for
spin-polarised calculations, which are a more appropriate estima-
tion at 0 K. The values are in line with the non-magnetic calcula-
tions, although with a slightly more pronounced range between
the formation energies of M and N vacancies.

The values in Table 1 suggest that a nitrogen vacancy is energet-
ically more favourable in ZrN than in UN. Tight binding bond-
breaking models for vacancy and surface formation energies in
metals and metal carbides result in the following relations [40,41]

Eva ’ CB

ffiffiffiffiffiffi
CB
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CB � 1
p
ffiffiffiffiffiffi
CB
p Ecoh ð3Þ

Esur f ’
ffiffiffiffiffiffi
CB
p

�
ffiffiffiffiffi
CS
p
ffiffiffiffiffiffi
CB
p Ecoh ð4Þ

where CB and CS are the coordination numbers in the bulk and at the
surface, respectively.

Hence, in materials where tight binding models are applicable,
surface energies tend to be proportional to vacancy formation
energies. Considering the metallic character of the here consid-
ered nitride compounds, one may speculate that the surface en-
ergy of ZrN should be lower that than of UN, having important
implications for the composition of surfaces in (U, Zr)N. The latter
is relevant in the present context since the stabilising and protec-
tive properties of ZrN may act more efficiently if surfaces of
(U, Zr)N grains and fuel pellets were enriched in ZrN, as compared
to the bulk composition. This conjecture is strengthened by the
calculated di-vacancy (M + N) energy of 2.65 eV in ZrN, being con-
siderably lower than that of UN (4.33 eV). This further poses a
question of how the vacancy formation mechanism in UN and
ZrN is altered if substitutional Zr and U atoms are introduced to
the materials.

Thus, Table 2 summarises N vacancy formation energies in
U31Zr1N32 and U63Zr1N64; as well as in U1Zr31N32 and U1Zr63N64,
calculated with GGA and LDA pseudopotentials for magnetic and
non-magnetic set-ups. Here the magnetic calculations for
U1Zr31N32 appear to be indistinguishable from the non-magnetic
calculations of the same composition, whereas the magnetic calcu-
lations in U31Zr1N32 are rather akin to the magnetic pure UN.

In the case of U31Zr1N32, increasing distance between the sub-
stitutional metal atom and a vacancy has no measurable effect.
As expected, the vacancy formation energies are comparable with
a pure UN. The variation in results cannot be claimed to be intro-
duced due to the substitutional Zr atom, although a decrease in
vacancy formation energies due to it was initially expected by
the authors. Calculations with a 128-atom system confirm these
results. On the other hand, vacancy formation energies in
U1Zr31N32 bring up two unanticipated effects.



Table 2
Vacancy formation energies Ef,va (eV) for nitrogen (N) in mixed nitrides, according to Eq. (1). Roman numerals indicate 4 unique configurations in a 64-atom supercell. (*)
numerical artifact, (**) decrease of ca 0.1 eV compared to pure ZrN due to a substitutional U atom. (i) li = Eb�n�1 (ii) li is equal to the energy of an isolated atom.

GGA LDA

Non-magnetic Magnetic Non-magnetic

U31Zr1N32 U63Zr1N64 U1Zr31N32 U1Zr63N64 U31Zr1N32 U1Zr31N32 U31Zr1N32 U1Zr31N32

(i) I 1.78 1.77 1.73* 1.30** 1.71 1.73 1.63 1.92
II 1.84 1.80 1.20** 1.30** 1.74 1.20 1.57 1.32
III 1.88 1.80 1.23** 1.32** 1.78 1.23 1.64 1.37
IV 1.86 1.78 1.20** 1.29** 1.77 1.20 1.59 1.32

(ii) I 9.66 9.66 8.78* 8.34** 9.60 8.78 10.62 9.90
II 9.73 9.70 8.25** 8.34** 9.63 8.25 10.56 9.29
III 9.76 9.70 8.28** 8.37** 9.67 8.28 10.63 9.34
IV 9.75 9.67 8.26** 8.33** 9.66 8.26 10.58 9.30
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The value of Ef,va is significantly higher in configuration I (*),
compared to the other set-ups, and furthermore exceeds that of a
pure ZrN. This suggests that N atoms closest to the substitutional
U behave as in UN, presumably due to a stronger binding between
U and N than Zr and N. This particular calculation was repeated
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Fig. 3. Substitutional atom induced atomic displacement patterns in UN and ZrN.
[0,0] marks the position of the substitutional metal atom; dmax – the distance of an
atom with the maximal displacement magnitude from the substitutional metal
atom; dva – the distance of a N vacant site from the substitutional metal atom. On
both axis, 2�a0 = 1 of the particular material.
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Fig. 4. Difference of electronic charge density in U1Zr31N32 between a fully relaxed s
substitution on the same plane and (b) at a 0.5a0 distance from the U atom.
with volume relaxation, in order to detect a potentially incorrect
set-up, but resulted in an equal outcome. As can be seen in Table
2, calculations with a 128-atom supercell with an equivalent con-
figuration of U1Zr63N64 do not confirm this result. It is likely that a
lattice-setup with three species and a nitrogen vacancy in the
2 � 2 � 2 cubic supercell leads to a numerical artifact in configura-
tion I, due to periodic boundary conditions, i.e. interaction between
mirror images of the defect.
3.3. Atomic displacements

Comparison of N vacancy formation energies in Tables 1 and 2
shows that a single U substitution in ZrN decreases these energies
by on average 0.1 eV, while a Zr substitution in UN has no such ef-
fect. This is further investigated by examining the atomic displace-
ments in the two systems, obtained by relaxing the cells. Thus, the
distance of the atom with the largest displacement (dmax) is plotted
as a function of the distance of the N vacancy from the substitu-
tional atom (dva) in Fig. 3. The two emerging patterns show that
(a) in U31Zr1N31, nearest neighbours to the Zr substitutional atom
undergo maximal displacement, but that (b) in U1Zr31N31, nearest
neighbours to the N vacancy undergo maximal displacement. It is
presumably the considerably larger U atom in U1Zr31N31 that intro-
duces stress to the system, alternates the manner for the cell to re-
lax and hence reduces the vacancy formation energies.

The difference between U31Zr1N32 and U1Zr31N32 can further be
understood from the charge densities of the two systems. In Fig. 4
the deviation in charge density between the ground state of
U1Zr31N32 and the superposition of atomic orbitals is depicted for
two (001) planes in the crystal. The U substitution evidently dis-
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torts the charge density distribution by donating electrons to
neighbouring N atoms, having such an influence on N atoms
throughout the supercell. It is then noteworthy that the charge
densities of U31Zr1N32 showed no asymmetrical deviations.
4. Conclusion

The current study has employed DFT computational methods in
order to illustrate mutual solubility of UN and ZrN at 0 K and finite
temperatures. The trends in calculated vacancy formation energies
are in line with experiments, which suggest that it is more likely to
produce UN and ZrN with nitrogen than metal deficiency and that
ZrN is significantly more hypostoichiometric than UN. The inclu-
sion of U in ZrN is likely to ease the production of hypostoichio-
metric materials, as it decreases the vacancy formation energies.
The paper shows that in a complex set-up of defects in compounds
too small of cell sizes (64 atoms in this case) may introduce numer-
ical artifacts. The spin-polarized and non-spin polarized results in
this paper do not differ significantly.
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